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ABSTRACT
We prove that if X and Y are compact Hausdorff spaces, then every f ∈ C(X × Y )+, i.e. f (x,
y) 0 for all (x, y) ∈ X × Y , can be approximated uniformly from below and above by elements of the
form
∑n
i=1 figi , where fi ∈ C(X)+ and gi ∈ C(Y )+ for i = 1,2, . . . , n. The proof uses only elementary
topology. We use this result, in conjuction with Kakutani’s M-spaces representation theorem, to obtain
an alternative proof for a known property of Fremlin’s Riesz space tensor product of Archimedean Riesz
spaces.
1. MAIN RESULT
If X is a compact Hausdorff space, let C(X) denote the algebra of continuous real
valued functions deﬁned on X (see [3,13,14]).
If Y is also a compact Hausdorff space, it follows from the Stone–Weierstrass
theorem or by using partitions of unity (see [3, III, Section 5, Lemma 1]) that
C(X) ⊗ C(Y ) =
{
n∑
i=1
figi
∣∣∣ fi ∈ C(X),gi ∈ C(Y ),n ∈N
}
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is uniformly dense in C(X × Y). This fact may be strengthened, as our main result
shows:
Theorem 1.1. Let X and Y be compact Hausdorff spaces. If f ∈ C(X × Y)+; i.e.,
f (x, y) 0 for all (x, y) ∈ X×Y , then for every  > 0 there exist partitions of unity
{φ1, . . . , φn} ⊆ C(X) and {ψ1, . . . ,ψm} ⊆ C(Y ) and non-negative real numbers
αij , βij for 1 i  n and 1 j m such that, for all (x, y) ∈ X × Y ,
0 f (x, y) −
∑
i,j
αijφi(x)ψj (y) < 
and
0
∑
i,j
βijφi(x)ψj (y) − f (x, y) < .
Proof. We call U × V a rectangle if U and V are open subsets of X and Y
respectively; a rectangle U × V is small if
(a, b), (a′, b′) ∈ U × V ⇒ |f (a, b) − f (a′, b′)| < .
By the compactness of X × Y there is a ﬁnite sequence U1 × V1, . . . ,UK × VK of
small rectangles covering X × Y . For a ∈ X and b ∈ Y , deﬁne
U(a) =
⋂
{Uk :a ∈ Uk} and V (b) =
⋂
{Vk :a ∈ Vk}.
There are only ﬁnitely many sets U(a): Choose a1, . . . , an such that every U(a)
is a U(ai). Similarly, choose b1, . . . , bm such that every V (b) is a V (bj ). Let
φ1, . . . , φn and ψ1, . . . ,ψm be partitions of unity subordinate to U(a1), . . . ,U(an)
and V (b1), . . . , V (bm), respectively.
We claim that for all i ∈ {1, . . . , n}, j ∈ {1, . . . ,m} and (x, y) ∈ X × Y
|f (x, y) − f (ai, bj )|φi(x)ψj (y) φi(x)ψj (y).(1)
Indeed, to prove this inequality, we may assume that φi(x) = 0 and ψj(y) = 0. Then
x ∈ U(ai) and y ∈ V (bj ). There is a k with (ai, bj ) ∈ Uk × Vk ; hence, U(ai) ⊆ Uk
and V (bj ) ⊆ Vk , so that (x, y) ∈ Uk × Vk , and (1) holds because Uk × Vk is small.
For all i ∈ {1, . . . , n} and j ∈ {1, . . . ,m}, let γij = f (ai, bj ), αij = (γij − )+ and
βij = γij + . Then αij , βij  0 and βij  αij + 2.
Rephrasing (1) yields, for all i ∈ {1, . . . , n} and j ∈ {1, . . . ,m},
(γij − )φi ⊗ ψj  f · (φi ⊗ ψj) (γij + )φi ⊗ ψj .
This implies
αijφi ⊗ ψj  f · (φi ⊗ ψj) βijφi ⊗ ψj .
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Consequently,
0 (f − αij ) · (φi ⊗ ψj) (βij − αij )φi ⊗ ψj  2φi ⊗ ψj
and
0 (βij − f ) · (φi ⊗ ψj) (βij − αij )φi ⊗ ψj  2φi ⊗ ψj .
Summing over all i and j yields the desired approximations to f . 
2. APPLICATION
Before we proceed with an application of Theorem 1.1, we ﬁrst derive the following
lemma.
Lemma 2.1. Let X be a compact Hausdorff space and let E be a dense Riesz
subspace of C(X) such that 1 ∈ E, where 1(x) = 1 for all x ∈ X. If f ∈ C(X)+,
then for every  > 0 there exist g,h ∈ E+ such that, for each x ∈ X,
0 f (x) − g(x)  and 0 h(x) − f (x) .
Proof. Let f ∈ C(X)+ and let  > 0. By the uniform density of E in C(X) there
exists s ∈ E such that − < f (x) − s(x) <  for all x ∈ X. Set g = (s − 1)+. Then
g ∈ E+ and 0  f (x) − g(x) < 2 for all x ∈ X. As 0  (g(x) + 2) − f (x) < 2
for all x ∈ X, the choice h = g + 21 completes the proof. 
If E and F are Archimedean Riesz spaces, we denote by E⊗F the Archimedean
Riesz space tensor product of E and F , as constructed by Fremlin in [7]. Applica-
tions of E⊗F may be found in [1,2,4–6,8,12].
We recall from [9,10] that E⊗F may be constructed in the following way: Let
(x, y) ∈ E+ × F+ and represent the order ideals Ex =⋃n[−nx,nx] and Fy of E
and F respectively, by means of Kakutani’s M-space representation theorem, as
dense Riesz subspaces of C(X) and C(Y ) respectively, where X and Y are suitable
compact Hausdorff spaces (see [11,14]). Under Kakutani’s representation, x and y
correspond to the one functions of C(X) and C(Y ) respectively. Deﬁne Ex⊗Fy
as the Riesz subspace of C(X × Y) generated by Ex ⊗ Fy . The direct limit of
the Ex⊗Fy then yields the desired Riesz space tensor product E⊗F . We apply
Theorem 1.1 to E⊗F :
Theorem 2.2 (see [7,9,10]). Let E and F be Archimedean Riesz spaces. If h ∈
(E⊗F)+, then there exists (x, y) ∈ E+ × F+ such that for every  > 0 there exist
u,v ∈ E+ ⊗ F+, where
E+ ⊗ F+ :=
{
n∑
i=1
fi ⊗ gi
∣∣∣ fi ∈ E+, gi ∈ F+, n ∈N
}
,
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such that
0 h − u x ⊗ y and 0 v − h x ⊗ y.
Proof. If h ∈ (E⊗F)+, then by the remarks above, h ∈ (Ex⊗Fy)+ for some
(x, y) ∈ E+ × F+, and so h ∈ C(X × Y)+ for suitable compact Hausdorff spaces
X and Y . For  > 0 there exists f ∈ C(X)+ ⊗C(Y )+ such that 0 h− f  x ⊗ y,
by Theorem 1.1. From Lemma 2.1 we get that there exists u ∈ (Ex)+ ⊗ (Fy)+ such
that 0 h− u 2x ⊗ y. As 0 (u+ 2x ⊗ y)− h < 2x ⊗ y, let v = u+ 2x ⊗ y
to complete the proof. 
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